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Abstract 

The permutability of two Backlund transformations is employed to construct a non 
linear superposition formula to generate a class of solutions for the = 1 super sinh- 
Gordon model. 



Backlund transformations (BT) relating two different soliton solutions are known to be 
characteristic of certain class of nonlinear equations. A remarkable consequence is that from 
a particular soliton solution, a second solution can be generated by Backlund transformation. 
This second solution, in turn, generates a third one and such structure allows to construct 



> 

^ I conditions for the permutabiUty of two sequences of BT. 
(N 

^ ■ The study of superposition principle for soliton solutions of the sine-Gordon equation was 

O 

employed to show that the order of two BT is, in fact, irrelevant [1]. Such condition became 
' known as the permutability theorem as was applied to the KdV and for the = 1 super KdV 
equations in [2] and in [3] respectively. 

Soliton solutions for the A^ = 1 super sine-Gordon were obtained in [4] from the super 
Hirota's formalism and in [5] using dressing transformation and vertex operators. Backlund 
solutions for super mKdV were considered in [6]. In this paper we use the superfield approach 
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for the BT as proposed in [7] to derive a closed algebraic superposition formula for soliton 
solutions of the = 1 super sinh-Gordon model assuming that two sucessive BT commute. 
The model is described by the following equation of motion written within the superfield 

formalism [7] 

A* = 2i sinh $, (1) 

where the bosonic superfield $ is given in components by 

$ = + + iO^i/j - 9-^6221 sinh 0, (2) 

where 9i and 82 are Grassmann variables (i.e. 91 = = ^ and 6162 + ^2^1 = ) The 
superderivatives 

= de, + eA, Dt = de, + ^2^*, (3) 

satisfy 

Dl = d,, Dl = du D,Dt = -DtD,. (4) 

The Backlund transformation for eqn. (1) is given by [7] 

D.{^,-^,) = -^/o,icosh(^^^), (5) 
A(^o + ^i) = 2/3i/o,iCosh(^^^), (6) 

where (5i is an arbitrary parameter (spectral parameter) and the auxiliary fermionic superfield 
/o,i (i.e. fl, = 0) 

/o,i = /r^ + rfnrfnwi°'^ (7) 



DJ,, = # sinh {^-^] . A/.. = ft sinh {^-^] . (8) 



satisfy 



A V 2 

Consider now two successive Backlund transformations. The first one involving superfields $o 
and $1 and the parameter /3i whilst the second involves $i and $3 with /32. The Permutability 
theorem states that the order in which such Backlund transformations are employed is irrelevant, 
i.e. we might as well consider the first involving $0 and $2 with (3i followed by a second, 
involving $2 and $3 with ^2- Similar to (5) we have, 

D,{^o-^i) = -^/o,icosh(^^i^), (9) 
DA^i-^s) = -^/i-3C0sh(^l±^), (10) 



$0 


+ $1 




2 


$1 


+ $3 
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$0 


+ $2 




2 


$2 


+ $3 



and from (8), 



P2 

^.($2 -$3) = -^^2,3 cosh (12) 



DJ,s - ismhf^i±^), (14) 



'2 





2 


$1 


+ $3 




2 




+ $2 




2 


$2 


+ $3 



i^./o,2 = ^sinhf^^^), (15) 



i^./2,3 = ^sinh(^±-^). (16) 



/32 

2; 

A V 2 

The equahty of the sum of equations (9) and (10) with the sum of (11) and (12) yields the 
following relation 

— /o ,1 cosh + — /i 3 cosh 



/3i V 2 ; (32 ' V 2 
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Analogously from (6) we find 

A(*o + *i) = 2/?i/o,icosh 

A(*l + *3) = 2/52/1,3 cosh 

A(^0 + ^2) = 2/32/0,2 cosh 

A($2 + $3) = 2/3i/2,3COSh 



$0 




$1 




2 




$1 




$3 




2 




$0 




$2 




2 




$2 




$3 



(18) 
(19) 
(20) 
(21) 



Equating now the difference of the first two, (18) and (19) and the last two equations, (20) and 
(21) we get 



/3i/o,i cosh ( ^^L__5i^ _ ^2/i_3 cosh |^^L__?i 
1^2 f 0,2 cosh ( _ p^f cosh 



Solving (17) and (22), for /i,3 and /2,3, we get 

/l,3 = ^1^3/0,1 + Ai^3/o,2, 
/2,3 = M^s/o,! + ^2^3/0,2, 

where the coefficients A are given as 

,3 - -P1P2T 



a(1) 





[cosh(*"+*i) 


cosh 2*0 


+ cosh(*°-*i] 


cosh(*2+'f3^ 






[cosh cosh (^i|^)/3? cosh(^i^) 


cosh (t2±ta) 



A (2) _ 
-'^1,3 — 



[cosh(*°+*2' 


cosh 


[^^) + cosh (tQ=*2^ 


cosh 




[cosh(*2-*3^ 


cosh 


'*i+*0/5i2 cosh(*i-*^^' 


cosh 


( $2+*3^ r^2 



cosh (^^) cosh (3^) 01 + cosh (3^) cosh (^^) 01 
cosh cosh (^^) 0i - cosh (^^) cosh (^^)Jl 





cosh 




cosh 






+ cosh 




cosh 








cosh 


^) cosh (^) 


/5i - cosh 




cosh 


/3i; 



(22) 



(23) 
(24) 



(25) 



Acting with in eqn. (9)-(12) and using (13)- (16), we find 



9.(^0 


-$l) 


a.(*l 


_$3) 


5.(*o 


-$2) 


9.(^2 


-$3) 



4 4i 
-2 sinh($o + ^1) + -^fo,iD^ 
Pi Pi 

4 4i 

-2 Sinh($i + $3) + — /l,3^a 

4 4i 

sinh($o + $2) + -rfo,2D^ 
P2 



4i 



-2 sinh($2 + ^3) + -5-/2,3 A 
Pi Pi 



cosh 
cosh 
cosh 
cosh 



U 


+ $1 




2 


$1 


+ $3 






$0 


+ $2 






$2 


+ $3 



(26) 
(27) 
(28) 
(29) 



Notice that equations (26)- (29) correspond formally to the pure bosonic case when the terms 
proportional to the fermionic superfields fij are neglected. Equating the R.H.S. of the sum of 
eqns. (26) with (27) and (28) with (29) we find 

1 



(sinh($o + '^•i) - sinh($2 + ^3)) + (sinh($i + $3) - sinh($o + ^2)) 

Pi 



1 



- --^h,iD, 
Pi 

+ -3-/0,2-03; 
P2 



cosh 
cosh 



$0 + ^1 

2 

$2 



- -rfi,3Dx 
P2 

-rf2,3,D^ 
Pi 



cosh 
cosh 



$1 + ^3 
2 

$2 + $3 



(30) 



Factorizing the L.H.S. of (30) 



-2 (sinh('l>o $1) - sinh($2 + $3)) + -50 (sinh($i $3) - sinh($o + ^2)) 



2 cosh( 



) |^sinh( 



Pi 

$0-^^l-^2-^3x 1 



) + -2sinh( 



-$o + ^1-^2 + ^3 



PI 



) 



2cosh(i^±ii±^^) (-h(5^)cosh(^i^)(^ 

+ smh(^— )cosh(^— )(^2^) 1 . 



(31) 



The vanishing of this expression leads to 



$3 - $0 = 2arctanh ( 5 tanh(^^-— ^^) ) = r($i - $2), S 



M-Pl 



(32) 



5 



For the more general case taking into account the fermionic superfields fij we propose the 
following ansatz, 

$3 = $0 + r($i - $2) + A, (33) 
where A is a bosonic superfield proportional to the product /o,i/o,2, i-e., 

A = A/0,1/0,2, A = A($i-$2). (34) 
Due to the fact that A^ = 0, eqns. (25) take the general form 

■^^1,3 — + Cl/o, 1/0,2, 

= + C2/o,l/o,2, 

M!! = & + C3/o,l/o,2, 

= + 04/0,1/0,2, (35) 

where q = q($o, ^1, ^2), ^ = 1, • • • 4 do not contribute to eqns (23) and (24). Substituting (33) 
and (34) in (25) we obtain 

(36) 



'1-52 tanh' (^^) V 1 - tanh' (^^) 

wiicic L-i — (^0i_jj'i-^ ■ Ilii^ci uiiig, yu^j 111 y^uj aim y^-iij iiina, oiin^c j — j q2 — ^, 

/l,3 — —0/0,1 — &/o,2, 

/2,3 = fe/o,i+ 0/0,2- (37) 
From the fact that 6^ — = 1, it follows that 

f 1,3 f 2,3 = /o,i/o,2- 



Adding (9) and (10) we find 

Z5.(t3 - *c) = l^/o. cosh (5i±il) + |/,,3 cosh (5i±5i) . (38) 
Substituting (33) and (37) in (38) we find 

/o,iSi + /o,2S2 + {D,X)fo,ifo,2 = 0, (39) 



where 



El — dcTi. ,^ . , — ^ cosh ( ° — — A— ^ sinh ( ° 

Ai ( $0 + <i'i \ . (1) 4i / $0 + + r 

— — cosh — Ai i,— cosh 

~ J V 2 



/9i V 2 

4^ , /$o + $2\ , >2i /$o + $i 
— ati L , ^ — cosh + A— smh 



-AS5|^oosh( 

The last term in (39) vanishes since 



«=(*i-i'2)^2 V 2 ; /3i V 2 



L',A = 9^A|^^(,^_,^,L',($i-$2), 

and -Da;($i — $2), from (9) and (11), is proportional to /o,i and /o,2- Since /o,i and /o,2 are 
independent, (39) yields a pair of algebraic equations for A, i.e. Ei = E2 = which are satisfied 

by 

^ 4sinh(ti^)A/?2(A^ + /j|) 

/?f + /9|-2cosh(*i-$2)/9i2/3|- ^ ^ 

and therefore 



$3 = $0 + 2 Arctanh 



(41) 



where 



In order to write eqn. (41) in components, we need to specify the superfields /o,i, /o,2 in terms 
of the components of $o;$i;^2- These are given by eqns. (5.91), (5.94), (5.96) and (5.98) in 
the the appendix of ref. [8]. Introducing (Jk — —^ (^ = 1; 2), the solution (41) in components 
according to (2) becomes 



where 



03 = 00 + 2 Arctanh 



"03 



5 tanh 



'01 - 02 



8i/(7i(T2 



cosh (^2±^) cosh 



( 00+02 
V 2 



0'3 = Vo + Ai(^i-^2) 



A2 

2 



/^sinh(^) 



(^1 cosh (^^) 

V'0 + Ai('0l --02) 

^sinh(^ 



A2 
' 2 



(^1 cosh (fc^) 



(0'O - -01) - 



(V'O + 0^2 



^sinh(^) 



(^2 cosh (^fl±^) 



"sinh 



(72 cosh (^^^) 



(0'O - -02) 



(0^0 + V'l) 



Ai 



(Jtanhf^if^ 



1 - 52 tanh^ (^^) 



sinh (01 — 0: 

A sinh (^^i^) 
B - sinh^ (^1^' 

C1+C2 /l_'^l~'~'^2 
(7i — (72 ^OxU-i 



B 



((7i - (72)^ 
4(Ti(72 



(42) 



(43) 



(44) 



(45) 



One soliton Solution 



The Backlund equations in components for $0 = take the form )from (7): 



(5x01 
0^1 



2 (Ti sinh 01 , 9t0i = — sinh 4>i , 

(Ji 



2V2a^cosh((/)i/2)/i^ 



(0,1) 



0^1 = 2 J- cosh (0i/2)/| 
(7i 



(0,1) 



2 cosh (01/2)051, = 



cosh (0i/2) ■^i 



(46) 
(47) 
(48) 
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By direct integration we obtain 



bi \1 + Ei 1-EJ' 



I ^1 
V^i = — , 



where oi and bi are arbitrary constants and ei is a fermionic parameter. 
Two soliton Solution 

Choosing $o = and $2 as one soUton solutions with components 



(f>k 



= In 



l-Ek 



1 



ek—Ek 
bk V 1 + -Efe i — EkJ 



+ 



Ek = bk exp (2(7feX + 2(7j. , 
1 



k = l,2 



where a^, 6^ are arbitrary constants and fermionic parameters we find from (41), 



2 Arctanh 



6 tanh 



'01 - 02^ 



8^(71(72 



cosh (f ) cosh (f ) 



V'3 = 
V'3 = 



Ai + 



A2 /o^sinhf^ 



2 V^icoshf^ 



Ai-^ 



A2 /oT^i^h 



<^2 



2 V ^2 cosh (f ) 
By rescahng of parameters 



^1 
^1 



Ai + 



A2 /^sinh(f) 



2 V ^2 cosh (f ) 



2 V ^1 cosh (f ) 



V'2, 
V'2, 



(49) 
(50) 



(51) 
(52) 
(53) 



o'k Ik-, (^k ^ Ck A; = 1, 2 



bi 



Oi -71 



^ / 7i - 72 \ 
2 V7i + 72/ ' 
^7i - 72\ 



bo^- 



02 ^ 72 



h ( 7i - 72 \ 
2 V7i + 72y ' 
^7i - 72\ 



,71 + 72, 



,71 +72/ 

we verify that solution (51) and (52) coincide precisely with solution (3.28)-(3.29) of ref. [5] 
(after choosing 73 = —71 and 74 = —72). 
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